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THE STABILITY OF EQUILIBRIUM IN CONSERVATIVE SYSTEMS*
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Chetayev's instability theorem for conservative systems is generalized to
the case of a non-isolated equilibrium position. On the assumption that
the potential energy is not a minimum at the equilibrium position in
question, consideration is given to the Lebesgue measure of invariant
sets in the intersection of the domain in which the energy integral is
negative and a small neighbourhood of the equilibrium position.
Chetayev's paper /1/ played a key role in establishing a series of new cases in which
the inverse of the celebrated Lagrange-Dirichlet Theorem holds (see surveys /2, 3/, Chap. III).
A convincing indicator to that effect is provided, in particular, by the results obtained in
/4, 5/, which utilize Chetayev's idea of constructing an auxiliary vector field possessing
certain properties with regard to the potential of the forces of the system. At the same
time, it has been shown /6/ that the condition according to which the function II{(g) has no
critical points in the domain o,={ge=s, = {q= R* [q]<e}: NN(@ <0}, where Ii(g) is the
potential energy of the system, which is commonly assumed both in Chetayev's Theorem and in
most further research in that area, is not essential. In many cases /6/ it may be dropped,
provided certain restrictions are imposed on the structure of the set of critical points of
II (q) - As will be shown below, these restrictions may be lifted too.
Consider a natural system with n degrees of freedom, representing it in Hamiltonian
form

q = dH/op, p = —oH/dq 1)
H(q,p) ="p"4 (@) p + I (q) =& = const (2)
We shall assume that H (q,p) & Cg? (D C R¥), the quadratic form pT4 (0)p is positive
definite, the system of Egs.(l) is in equilibrium at the point q=p =0 and II(0) =0.

Theorem 1. Suppose that for as small a value of & >0 (D D§) as desired the set @, =
{9 s: 1 (q) <0} is not empty and 0 €& dw,. Assume that a vector field f(g)e C: s > R*

exists such that
1) T(q) 0ag < 0, Vq& o

2 T (S0 A@)| L x—7 17O 55 TA@fmoSellxlP, VXER, 0L e=const.

Then the equilibrium position g =p =0 of the system of Egs.(l) is unstable.
Proof. Since by assumption e (J, the same is true of the set
L ={gpEs*~={@pER" lgdpli<e}: H=h<0}
Consider the auxiliary function V =1{Tp. 1Its derivative along the vector field defined
by the system of Egs.(l) is

V= AP~ @ 5 0T A@R) — T (@5 3

Noting that f(q) & (', 4 (g) = C? so that the right-hand side of Eq.(3) is continuous,
we express the latter in the neighbourhood of ¢ =p =0 in the form

Vv =pT (5 4@ )| P~ 77O 5 PTA@P o — 1T @ G5 +o(lipI) @)
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Using (4) and conditions 1 and 2 of the theorem, we can always choose a number 3y (0 << 7 <Cg)
so small that

V'>clllp”2’ V(qu)esn*ﬂge» O<Cl<c (5)
¢, == const

Suppose that q =p =0 is a stable position of equilibrium. Then V (g, Po) & s* (1 (.
where § is sufficiently small, there exists a positive semitrajectory ¥ (g, p,} Passing

through a point (g Po) E ™ () such that ' (g,, Po) C $* ] Q. Now choose a point {q,*,
po*) E ss* [} L so that
V() p (@) =0 =TT (@) P lrmo =17 (q*) pe* =24, >0

This is eguivalent to the requirement that the scalar product of the vectors f(q,*) and
po* be positive in R". Since the fact that the point (q,* p,*) belongs to the domain
ss* [ Qe imposes no restriction on the direction of the vector p,* in R" {(as follows at
once from the structure of the energy integral H (q,p) = k), the direction may-always be
chosen so that the constant }, is positive.

Since the solution (q* (1), p* (1)) of (1) corresponding to the semitrajectory v* {q,*, p,*)
satisfies the estimate (5), it follows that

14 (_?T) 2 Vig* p*) =40
and so the point p =0 at which ¥V vanishes is not in J*. Hence it follows that {lp FH e~ 0.

Now, taking into account that :F is a compact set, so that the function ] p(y—*‘) I* attains
its extremal values there, we have

Hp @) P>, >0, ¢ = const

Using this estimate we deduce from (5) that

V' (q* (&), p* (1) 3> cyep = 05> 0, c; = const 6
On the other hand, since V{(g,p) = C'{ss*) and 7 C s4*, we have
Vig* (@ p* () <A 0<TAy = const )

Comparing inequalities (6) and (7), we arrive at a contradiction, whence it follows that
the equilibrium position is indeed unstable, thus proving Theorem 1.

Corollary. Suppose that for small &> 0 (D D) 0. % (5, 0 du, and there exists a
vector field f{q)e C: 5o — R", £(0).= 0, such that condition 1 of Theorem 1 is satisfied
and, in addition,

xT (01/0g A () lg—ox = clIx |}, VxS R", 0<c=const

Then the equilibrium position q =p =0 of system (1) is unstable.

The corollary, which is a stronger version of Chetayev's Theorem /1/, since the inequality
in condition 1 need not be strict, may be proved along the same lines as above. In this
situation, however, it is more convenient to consider the Chetayev function V = —HIiTp, whose
derivative along the vector field defined by system (1) may be expressed, using the previous
arguments, in the form

Vi=—H(p" (G A@)]_p— 5 +oliple) ®)

In the domain
A={g,pEs* H=0r<0, Tp> 0}

where V>0 and e>0 is sufficiently small, an examination of the assumptions of the
corollary shows that the right-hand side of (8) is positive. At p =10, where the derivative
V' may vanish, V will also vanish. Thus, if we henceforth confine our attention to trajec-
toriesof system (1) that pass through A and observe that

V=0, Vigp)EdANs* V>0, V>0, V(ig,pps A
then the truth of the corollary follows from Chetayev's instability Theorem {/3/ , P.19).

Remarks. 1. Although Chetayev, in his paper /1/,. in fact considered a domain analogous
to A, he actually postulated that V' be positive in the domain 2, defined above, which
is larger than A and contains the latter as a proper subset. But if one requires only that
V' be positive in A, the instability conclusion will also hold, as might have been shown
above, assuming the truth of the non-strict inequality f74ll/6g < 0 rather than the existence
of the set of critical points in @, without any restrictions on its structure. The function
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V proposed in Chetayev's paper enables him to do this. Thus, the proof of Chetayev's Theorem
actually implies a stronger assertion than that reflected in its formulation.

2. The assumption that FH(q,p) e g'(D C AR™), which guarantees the uniqueness of the
solution, is not essential. Theorem 1 remains valid if H (g p =¢}, as follows directly

from the scheme of the proof. The condition H{g,p ¢ may rather be evaluated in this

connection as a consequence of Newton's determinacy principle, as usual in classical mechanics.
3. Comparing the formulations of Theorem 1 and the Corollary, one cannot help noticing

that Theorem 1 does not require the assumption f(0)=0, i.e., the vector field f(g may

contain a constant component. The possibility of a field structure f(g) with £(0)=0

is illustrated in the following example.

Example. Consider a system with two degrees of freedom, whose Hamiltonian is defined by

H (93, g2. Py P2} = Y2 (pa* - pe?) -+ T {g1; g0}
0 {g, ¢) = " + ¢ + #iet
Since the potential energy II{g, ¢ of the system is not a minimum at g=90 =~ an
equilibrium position of the system (provided that p=40), it follows that
Wy = {{g1; g2) &5 1+ 9 + @i <O} =
By the definition of w,, 4<<0, V(g ) & o,
Defining the field f as the vector ! = (g, —1--g), we obtain the equality
1Talljoq = — Tgs* — 6@i¥gs® - g1 (40" -+ 2q305°) + 2 (792" + Bas%a®)
On this basis, noting that &°<a’ VY (4 @l ® e, so that [(ai<lel in o, we get
tToll/og = — T + Ol @ [
Thus, for sufficiently small >0,
tFolliog < ~ g, V (q,, g = [0

Noting that condition 2 of theorem 1 is certainly satisfied here, we conclude that the
equilibrium position g¢=p=10 is unstable,

Applying Poincare's Recurrence Theorem (/7/, p.447), let us estimate the Lebesgue measure
of the trajectories of system (1) that preserve the domain Q, = Q, {]sy* in which, as seen
in the proof of Theorem 1, inequality (5) holds.

Theorem 2. Under the assumptions of Theorem 1, if the domain Q = {(q,p) & s*: H << 0}
contains an invariant set M, then

mes {M) == 0

Proof. Suppose that mes (M) = p > 0. Then, since the phase volume of system (1) is an
invariant and M is a bounded set, it follows from Poincare's Theorem that almost all trajec-
tories y(C M possess the recurrence property. Thus there exists a sequence {tm} (m = 0, 1,
2,...) such that

7}1‘2 t == 00, Wl)im G (£ Gor Po) B P (s Go» Po} == )]
e & poll, V(G pod = M\, =20
where
mes (M N\ ») = mes (M)
Taking into consideration that the Lebesgue measure of the set

is zero, we also have
mes [M* = (M N %)\ 2] = mes (M) (10}

Integrating inequality (5) along trajectories ¥ (M N\ %), we obtain
trl‘
V (4 (tmr Gor Pobs P (s o0 PO — V {010 Ba) > €1 § llp (1) P (1)
Q

Putting (gq, Po) € M* in {11), we let m go to infinity. Then, by (9}, we get

1im V(g (Ens Gor Po)s P (Eons Do o)) — V (o Po) =0
—roo

14
lim { lp()|Pdr>a>>0, a=const
P00 5
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Comparing these relationships we conclude that for sufficiently large m inequality (11) is
contradictory whenever (q,, p,) & M*. Thus, in view of (10), our assumption that the measure
of M is positive is false. This completes the proof of Theorem 2.

Corollary. Almost all trajectories of system (1) that pass through the domain Qy
intersect the sphere s;* \ sq*.

Summarizing, we observe that the restrictions on the structure of the set of critical
points of TII(q) stipulated in /6/ were motivated by the need to prove the existence of a
motion of system (1) for which the derivative V' satisfies an inequality V' >k>0, k = const.
As shown above, the inequality f7 dI1/dq <L 0 (together with the other conditions of Theorem 1
and its Corollary) is sufficient to guarantee the existence of such a motion, provided that
initial data are chosen subject to the condition V (qy, Po) >> 0. The reader will readily convince
himself that this condition imposes no restrictions on the structure of the set of critical
points of II (g).

The author wishes to thank V.V. Rumyantsev and A.V. Karapetyan for their comments.

REFERENCES

1. CHETAYEV N.G., On unstable equlibrium in some cases when the force function is not a
maximum. Prikl. Mat. Mekh., 16, 1, 1952.

2. KARAPETYAN A.V. and RUMYANTSEV V.V., Stability of conservative and dissipative systems.
Itogi Nauki i Tekhniki. Obshchaya Mekhanika, VINITI, Moscow, 6, 1983.

3. ROUCHE N., HABETS P. and LALOY M., Stability Theory by Liapunov's Direct Method. Springer,
New York, etc., 1977.

4. PALAMODOV V.P., On the stability of equilibrium in an irrotational field. Funktsion. Anal.
Prilozhen., 11, 4, 1977.

5. KOZLOV V.V., On the instability of equilibrium in a potential field. Uspekhi Mat. Nauk,
36, 3, 1981.

6. PEIFFER K. and CARLIER P., A remark on the inversion of Lagrange-Dirichlet's theorem.
Sem. Math. Inst. Math. Pure Appl., Univ. Cathol. Louvain, 2-1, 1988-89.

7. NEMYTSKII V.V. and STEPANOV V.V., Qualitative Theory of Differential Equations, Princeton
University Press, Princeton, N.J., 1960.

Translated by D.L.



